The analysis and synthesis parts of a two-channel lter bank are sketched in Figure 1 . Figure 2 shows the implementation suggested by equations 1 and 2. In the signal processing literature this is known as the polyphase form of the lter bank 8, 11, 12 . Thus, the polyphase matrices of perfect reconstructing lter banks are elements of the general linear group GL 2 B. In some applications, e. g., lossless compression, the perfect reconstruction condition is a minimal requirement.
Ladder and Lattice Structures
In practice one wishes to design lter banks that are in some sense easy" to implement. We review two methods that are widely used in the construction given as a product of constant matrices in GL 2 A and powers of the delay matrix
The subgroup in GL 2 B generated by G L 2 A and the delay matrix is called GN 2 B here. The group GN 2 B describes all polyphase matrices that can be generated by some lattice lter network. 
Relation between Ladder and Lattice Structures
If A is a eld it is known that the ladder and the lattice approach are both powerful enough to generate all polyphase matrices in GL 2 B, cf. 
Incompleteness
An element in B = A z;z , 1 is called causal if it is already contained in C = A z ,1 . A lter bank is said to berealizable if all its components are causal. We allowe d a m ultiplication by z in the synthesis lter bank so far; this can be avoided using the delayed version of the lter bank as shown in Figure 5 . Such a lter bank is said to be perfect reconstructing if and only if the output signalŝz coincides with the input signal sz delayed by one, that is,ŝz = z , 1 s z for all sz 2 B. The lter bank in Figure 5 We know that a and b are non-zero and that cnca; b and cncb; a are true. Therefore ad is not constant and hence bc is not constant.
3. Since ad , bc = 1 and ad and bc are not constant, the terms with largest total degree have to cancel. Therefore, we h a v e HMaHMd = HMad = HMbc = HMbHMc: 5
4. Seeking a contradiction, we suppose that cncc; d is false.
In the case degHMc 6 = degHMd this means that there exists a polynomial r 2 C such that HMd = rHMc. It follows from 5 that rHMa = HMb, contradicting 4.
In the case degHMc = degHMd this means that there exists a polynomial r 2 QuotA such that HMd = rHMc. Remark.
Tolhuizen, Hollmann, and Kalker use a similar approach in 10 to show the incompleteness in the case of integer coe cients A = Z and polynomial rings A = k y , k a eld. These two counter examples are also contained in the seminal paper by Cohn 3 .
Semiperfect Coe cient Rings
The preceding section showed some limits of lifting steps in the case of integral domains. In this section we give some positive results, which show that a complete factorization into lifting steps is possible if the coe cient ring is given for example by a residue class ring A = Z=NZ.
An ideal in which e v ery element is nilpotent is called nil. Remark.
Note that Theorem 11 and Theorem 12 can be generalized to
show that B and C are GE n -rings for any positive integer n, that is, for local or semilocal coe cient rings with nil Jacobson radical an n-channel perfect reconstructing lter bank can be realized with ladder steps or lifting lters.
Conclusion
We studied two-channel lter banks for signals with coe cients in a commutative ring. A straightforward extension is to consider lter banks with more channels. However, in some sense the two-channel case is the most di cult. For example, if A is a euclidean ring that contains a non-unit, then we showed that A z ,1 is not a GE 2 -ring. In other words, in this case there exist realizable perfect reconstructing lter banks in the sense of section 4 that can not be implemented with causal ladder steps. This kind of obstacle can not occur for lter banks with at least three channels, since a theorem by Suslin 9 shows that A z ,1 is a GE n -ring for n 3. For a thorough study of such phenomena the reader should refer to any standard text on Algebraic K-Theory, e. g. 1 .
